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Abstract
In two recent papers, conditions for which axisymmetric incremental bifurcation could
arise for a circular cylindrical tube subject to axial extension and radial inflation in the pres-
ence of an axial load, internal pressure and a radial electric field were examined, the latter
being effected by a potential difference between compliant electrodes on the inner and
outer radial surfaces of the tube. The present paper takes this work further by considering
the incremental deformations to be time dependent. In particular, both the axisymmetric
vibration of a tube of finite length with appropriate end conditions and the propagation of
axisymmetric waves in a tube are investigated. General equations and boundary conditions
governing the axisymmetric incremental motions are obtained and then, for purposes of
numerical evaluation, specialized for a Gent electroelastic model. The resulting system of
equations is solved numerically and the results highlight the dependence of the frequency
of vibration and wave speed on the tube geometry, applied deformation and electrostatic
potential. In particular, the bifurcation results obtained previously are recovered as a spe-
cial case when the frequency vanishes. Specification of an incremental potential difference
in the present work ensures that there is no incremental electric field exterior to the tube.
Results are also illustrated for a neo-Hookean electroelastic model and compared with
those previously obtained for the case in which no incremental potential difference (or
charge) is specified and an external field is required.
1 Introduction
Basic analysis of the finite axisymmetric electroelastic deformation and radial inflation of a
circular cylindrical tube of dielectric elastomeric material subject to a radial electric field has
been examined by Zhu et al. [1] and Melnikov & Ogden [2] for the situation in which the ra-
dial field is generated by a potential difference between thin compliant electrodes on its curved
boundaries. An analysis of the stability of the ensuing circular cylindrical configuration based
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on the Hessian criterion for a neo-Hookean electroelastic energy function was included in [1],
but, as is well known (see [3]), the Hessian criterion does not capture all possible modes of
instability. Thus, the more general incremental instability (or bifurcation) analysis was adopted
by Melnikov & Ogden [4], based on the general incremental theory developed by Dorfmann
& Ogden [5]; see also [6]. They determined possible combinations of axial and radial de-
formation for which bifurcation could occur for different tube geometries (lengths and radii)
and different surface charges in respect of both neo-Hookean and Mooney–Rivlin electroelastic
models. Although some of the terms in the general incremental constitutive equations used in
[4] were omitted, as pointed out and corrected by Dorfmann & Ogden [7], the results were
only marginally affected. In the review [7] corresponding results were obtained for the same
neo-Hookean model and also for a Gent electroelastic model. The theory of [5] was also used
by Su et al. [8] for the analysis of bifurcation (buckling) of a tube subject to an axial electric
field instead of a radial one.
In the present paper we develop the time-dependent counterpart of the incremental analysis
in [4, 7], based on the general quasi-electrostatic incremental theory described by Dorfmann
& Ogden [9]. Specifically, we consider both axisymmetric vibrations of a tube of finite length
with incremental end conditions, and the propagation of axisymmetric waves in an infinitely
long tube, the tube being subject to a uniform finite axial extension and a radial inflation accom-
panied by an internal pressure and a radial electric field. In each case an incremental potential
difference between the electrodes is specified, from which it follows that there is no incremental
field exterior to the tube, as for the underlying field (whether charge or potential is specified on
the electrodes). In the finite deformation context the only related work that we have been able
to find in the literature is that by Shmuel & deBotton [10], who analysed axisymmetric waves
for the neo-Hookean electroelastic model for a fixed axial stretch or zero axial load. Their
method of analysis was different from that adopted here, and, in particular, they accounted for
the incremental field exterior to the tube, which is not required in the approach used here.
The content of the present paper is now described briefly. Section 2 summarizes the basic
equations of nonlinear electroelasticity, including constitutive equations, equilibrium equations
and boundary conditions. In §3 the incremental equations governing the kinematics and motion,
together with the boundary conditions and constitutive equations are provided in general form,
along with definitions of the electroelastic moduli tensors, including their specialization to the
case of an isotropic electroelastic material. The basic equations are applied in §4 to a circular
cylindrical tube which is subject to axial extension and radial inflation and a radial electric field
generated by a potential difference between compliant electrodes on its inner and outer circular
cylindrical boundaries. Then, in §5, the incremental equations from §3 are specialized in order
to study axisymmetric electroelastic vibrations and waves in the tube. Lengthy expressions
required in this section are relegated to appendices A and B to avoid loss of continuity of the
analysis.
Numerical solutions of the resulting system of equations and boundary conditions are then
generated in respect of a Gent electroelastic model. In particular, results are provided in graph-
ical form in order to illustrate the dependence of the vibration frequency and wave speed on
various geometrical, deformation and electrostatic parameters. When the frequency of vibra-
tions vanishes the results of the bifurcation analysis in [4, 7] are recovered, since the increments
are then purely static. In order to compare our results with those in [10], we also illustrate the
consequences of the present incremental analysis for a neo-Hookean electroelastic model, and
some differences are found because of the different incremental boundary conditions adopted,
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but also some similarities, the main focus being on the fundamental mode.
This paper is dedicated to the memory of Professor Peter Chadwick FRS in recognition of
his scholarly contributions, especially those to the analysis of elastic waves, and for his support
for young scientists working in continuum mechanics.
2 Basic equations
2.1 Kinematics
We begin by setting up a general framework for the static finite deformation of an electroelastic
body. We choose a reference configuration, denoted Br with boundary @Br, in which the body
is undeformed and stress free. It is then subject to a finite deformation and an electric field
by the action of mechanical and electrical boundary conditions, leading to the configuration B
with boundary @B. Let X be the position vector of a point in Br [ @Br, which becomes x in
B [ @B, and the deformation from Br to B be represented by the vector function  , so that
x =  (X), it being assumed that   has sufficient regularity for the ensuing analysis.
The local deformation, in the neighbourhood of X, is described by the deformation gradient,
denoted F, which is defined by
F = Grad (X) = Gradx, (1)
where Grad is the gradient operator with respect to X. The notation J = detF > 0 will
be used, and we note that it connects a volume element dv in B to the corresponding volume
element dV in Br according to dv = JdV , this providing a physical interpretation for J . For
an isochoric deformation J = 1, and for incompressible materials, on which we mainly focus
in this paper, F satisfies the incompressibility constraint
detF = 1. (2)
If ⇢ denotes the mass density in B and ⇢r that in Br then, by mass conservation, they are
connected by
⇢r = J⇢, (3)
and, of course, ⇢ = ⇢r in the case of incompressibility.
From F two symmetric and positive definite tensors are defined. These are the left and right
Cauchy–Green deformation tensors, given, respectively, by
B = FFT, C = FTF, (4)
where the superscript T indicates the transpose of a second-order tensor.
2.2 Electrostatics
Let E and D denote the electrostatic field and displacement vectors, respectively, in the con-
figuration B. For electrostatics, when there are no free volumetric charges, as for the dielectric
materials considered here, the appropriate specialization of Maxwell’s equations satisfied by E
and D are
curlE = 0, divD = 0, (5)
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where curl and div are the curl and divergence operators with respect to x.
We consider the outside of B to be a vacuum in which the electric and electric displacement
fields are denoted by E? and D?, respectively. They are simply connected via the formula
D? = "0E?, where "0 is the vacuum electric permittivity, and they also satisfy Maxwell’s
equations (5).
The boundary conditions
n⇥ (E?   E) = 0, n · (D?  D) =  f on @B, (6)
have to be satisfied, where n is the unit outward normal to @B and  f is the free surface charge
per unit area thereon.
For the purposes of developing the constitutive theory and the incremental equations in the
following sections it is advantageous to adopt Lagrangian forms of the (Eulerian) field vectors
E and D. These are denoted EL and DL, respectively, and defined, by pulling back from B to
Br, as
EL = F
TE, DL = JF
 1D. (7)
They satisfy the Lagrangian forms of Maxwell’s equations
CurlEL = 0, DivDL = 0, (8)
where Curl and Div are the curl and divergence operators with respect to X 2 Br.
The boundary conditions (6) are also expressible in Lagrangian form as
(FTE?   EL)⇥N = 0, (JF 1D?  DL) ·N =  F, (9)
where N is the unit outward normal to @Br,  F is the free charge density per unit area of @Br,
and we point out that as the exterior of Br is non-deformable F is not defined therein and in
(9) is evaluated on the boundary from within Br. The derivation of (9) makes use of Nanson’s
formula nda = JF TNdA connecting area elements dA and da on @Br and @B, respectively;
see, for example, standard texts such as [11].
2.3 Stress tensors and equilibrium
Following [12] we adopt the symmetric total Cauchy stress tensor ⌧ for describing the me-
chanical stress in B, noting that it subsumes the electrostatic body forces. Then, when there
are no mechanical body forces, which we assume to be the case in this paper, the mechanical
equilibrium equation has the form
div⌧ = 0. (10)
There are two main elements when considering traction boundary conditions on the outside
of @B associated with (10), namely a possible applied mechanical traction and the traction
generated by the external electric field.
Here we write the traction boundary condition in the general form
⌧n = ta + t
?
m on @Bt, (11)
where @Bt is the part of @B where the mechanical traction ta is given, and t?m = ⌧ ?mn is the
contribution to the traction from the Maxwell stress, denoted ⌧ ?m, calculated from the exterior
field. The Maxwell stress is defined by
⌧ ?m = "0E
? ⌦ E?   1
2
"0(E
? · E?)I, (12)
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where I is the identity tensor. Note that ⌧ ?m satisfies div⌧ ?m = 0.
The Lagrangian counterpart of equation (10) is
DivT = 0, (13)
where T is the total nominal stress tensor, which is defined by
T = JF 1⌧ . (14)
The traction boundary condition (11) also transforms into Lagrangian form, as
TTN = tA + t
?
M on @Brt, (15)
where @Brt is that part of @Br which deforms into @Bt, tA is the mechanical traction per unit
area of @Br and t?M is defined as t?M = T?TM N on @Br, with T?M = JF 1⌧ ?m.
2.4 Electroelastic constitutive equations
The mechanical and electrostatic fields considered above are linked through electroelastic con-
stitutive equations, which can be used to characterize the properties of electroelastic materials.
These are conveniently formulated on the basis of either one of two separate so-called total
energy density functions. One of these, denoted ⌦, depends on the deformation gradient F and
the Lagrangian electric field EL as independent variables: ⌦(F,EL). The second, denoted ⌦⇤,
depends, instead, on F and the Lagrangian electric displacement field DL: ⌦⇤(F,DL). They
are connected by the partial Legendre transformation
⌦⇤(F,DL) = ⌦(F,EL) +DL · EL, (16)
and ⌦ may be thought of as a complementary energy function relative to the energy function
⌦⇤ with respect to the variables EL and DL.
It should be noted that the superscript ? associated with the external fields is distinguished
from the asterisk ⇤ attached to ⌦⇤ and quantities derived therefrom later on related to material
properties.
Formulations of the equations based on ⌦ and ⌦⇤ are equivalent, but depending on the
problem to be addressed, one may have an advantage over the other. Here, for definiteness,
we adopt the formulation based on ⌦⇤(F,DL), and refer to [12, 6] for details of that based on
⌦. From ⌦⇤ the total nominal stress tensor, for unconstrained and incompressible materials,
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We now specialize the constitutive equations to the case of an isotropic electroelastic material,
for which ⌦⇤ is an isotropic function of two tensors, the right Cauchy–Green tensor C, given
by (4)2, and DL ⌦DL, where ⌦ denotes the tensor product. Such a function can be expressed
in terms of independent invariants of C and DL. Here, although this choice is far from unique,
we choose the principal invariants of C, denoted I1, I2, I3 and defined by










, I3 = detC, (20)
and the DL-dependent invariants, denoted I4, I5, I6 and defined by





Then ⌦⇤ depends on these invariants and we write ⌦⇤ = ⌦̄⇤(I1, I2, I3, I4, I5, I6) to reflect this,
with I3 omitted in the case of incompressibility.
The stress tensors and the electric field vectors in (17)–(19) can then be expanded out in
terms of the invariants. We illustrate this for an incompressible material:















the shorthand notation ⌦̄⇤i is defined as @⌦̄⇤/@Ii for i = 1, 2, 3, 4, 5, 6 (but with I3 = 1 omitted
here). For detailed derivations we refer to [12, 6].
3 Incremental formulation
Superimposed on the basic static configuration B we now consider a time-dependent incre-
mental deformation and accompanying incremental electric displacement field. These generate
incremental stress tensors and an incremental electric field. In the following we discuss the
required incremental kinematics, the incremental equations of motion and boundary conditions
and incremental constitutive equations, first in general form and then for the case of isotropy.
3.1 Incremental kinematics
Let ẋ =  ̇(X, t) denote a time-dependent incremental displacement and the correspond-
ing increment in the deformation gradient by Ḟ = Grad ̇ superimposed on the configu-
ration B, where a superimposed dot, here and subsequently, signifies an incremental quan-
tity. The Eulerian counterpart of ẋ is denoted u(x, t) and is related to ẋ by the identification
u(x, t) = u( (X, t), t) =  ̇(X, t).
The increments of F and related quantities are given by
Ḟ = LF, J̇ = J trL, ( ˙F 1) =  F 1L, (24)
where L = gradu is the displacement gradient, grad being the gradient operator with respect to
x. For an incompressible material it follows that the incremental form of the incompressibility
condition has the form
trL ⌘ divu = 0. (25)
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The incremental velocity and acceleration are ẋ,t = u,t, v,t = ẋ,tt = u,tt, respectively, where
a subscript t following a comma represents @/@t at fixed material particle X, equivalently at
fixed x since x =  (X) is independent of t.
3.2 Incremental governing equations
3.2.1 Equations of motion
In order to derive the incremental equation of motion we consider briefly the counterpart of the
equilibrium equation (13), again in the absence of mechanical body forces, for the situation in
which x depends on time and (13) is replaced by the equation of motion
DivT = ⇢rx,tt. (26)
On taking the increment of both sides of this equation we obtain
DivṪ = ⇢rẋ,tt = ⇢ru,tt, (27)
where Ṫ is the increment in the total nominal stress T.
The corresponding incremental forms of Maxwell’s equations (8) are
CurlĖL = 0, DivḊL = 0, (28)
where ĖL and ḊL are the increments in EL and DL, respectively.
It is now emphasized that we are considering acousto-electro-elastic waves under the quasi-
electrostatic approximation so that the time scales of the mechanical and electromagnetic ef-
fects differ to the extent that the time derivatives in the full Maxwell’s equations may be ne-
glected, along with the effects of magnetic fields, which do not therefore appear in (28).
The equations coupling the acousto-electro-elastic waves are governed by the three equa-
tions in (27) and (28), which require incremental constitutive equations and boundary condi-
tions to complete the picture. Before going on to these it is convenient to update the reference
configuration by translating the reference configuration Br forward to B. Towards this we de-
note by Ṫ0, ḊL0, ĖL0 the ‘push-forward’ versions of Ṫ, ḊL, ĖL, respectively, where here and
subsequently a subscript 0 indicates a push-forward expression. These are given by
Ṫ0 = J
 1FṪ, ḊL0 = J
 1FḊL, ĖL0 = F
 TĖL, (29)
and equations (27) and (28) then translate into the Eulerian forms
divṪ0 = ⇢u,tt, curlĖL0 = 0, divḊL0 = 0. (30)
3.2.2 Incremental boundary conditions
We now summarize the incremental boundary conditions based on (9) and (15). First, on taking
the increments of the electric boundary conditions in (9) and then updating, we obtain
(Ė? + LTE?   ĖL0)⇥ n = 0 on @B, (31)
and
[Ḋ? + (divu)D?   ḊL0   LD?] · n =  ̇F0 on @B, (32)
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where Ḋ? and Ė? are the increments of D? and E?, respectively, which satisfy the connection
Ḋ? = "0Ė?, while  ̇F0 is the increment in  F defined per unit area of @B. The incremental
Maxwell stress is obtained by taking the increment of (12), leading to
⌧̇ ?m = "0[Ė
? ⌦ E? + E? ⌦ Ė?   (E? · Ė?)I], (33)
which satisfies div ⌧̇ ?m = 0.
Next, on taking the increment of the Lagrangian form of the traction boundary condition
(15), we obtain
ṪTN = ṫA + J ⌧̇
?
mF
 TN  J⌧ ?mF TḞTF TN+ J̇⌧ ?mF TN on @Br, (34)
or, on pushing forward with the help of (24),
ṪT0 n = ṫA0 + ⌧̇
?
mn  ⌧ ?mLTn+ (divu)⌧ ?mn on @B, (35)
where ṫA0 is the incremental mechanical traction per unit area of @B.
3.2.3 Incremental constitutive laws
On taking the increments of the two equations in (17) we obtain the linearized equations
Ṫ = A⇤Ḟ+A⇤ḊL, Ṫ = A⇤Ḟ+A⇤ḊL   ṗF 1 + pF 1ḞF 1, (36)
for unconstrained and incompressible materials, respectively, and the increment of (18) yields
ĖL = A⇤TḞ+ A⇤ḊL, (37)
where A⇤, A⇤ and A⇤ are, respectively, fourth-, third- and second-order electroelastic moduli
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When the Cartesian component forms of vectors and tensors are used, Greek indices are
associated with the reference configuration Br and Roman indices with the configuration B, so
that, for example, F has Cartesian components Fi↵ = @xi/@X↵, where i,↵ 2 {1, 2, 3}. The














where the vertical bar in A⇤↵i|  separates the pair of indices associated with a tensor from the
single index associated with a vector, and the products in (36)1 and (37) are given in component
form by
Ṫ↵i = A⇤↵i jḞj  + A⇤↵i| ḊL , ĖL↵ = A⇤ i|↵Ḟi  + A⇤↵ ḊL . (40)
On updating, the incremental constitutive equations (36) and (37) take on the forms





where, in index notation, the push-forward moduli tensors A⇤0, A⇤0, and A⇤0 are defined by
A⇤0jisk = J 1Fj↵Fs A⇤↵i k, A⇤0ji|k = Fj↵F 1 k A⇤↵i| , A⇤0ij = JF 1↵i F 1 j A⇤↵ , (43)
with J = 1 for incompressibility and u satisfying the incremental incompressibility condition
(25).
For later reference we note the symmetries
A⇤0jisk = A⇤0skji, A⇤0ij|k = A⇤0ji|k, A⇤0ij = A⇤0ji, (44)
and, for an incompressible material, the connections
A⇤0jisk  A⇤0ijsk = (⌧js + p js) ik   (⌧is + p is) jk. (45)
between the components of the tensor A⇤0, as given in [5].
For an unconstrained isotropic electroelastic material, ⌦̄⇤ is a function of the six invariants
I1, . . . , I6 (five with I3 omitted for an incompressible material) and the expressions (39) can be


























































where ⌦̄⇤n = @⌦̄⇤/@In, ⌦̄⇤mn = @2⌦̄⇤/@Im@In, while their updated counterparts are obtained
from (43) but not given separately here. Expressions for the first and second derivatives of
In, n = 1, . . . , 6 (n = 1, 2, 4, 5, 6 for an incompressible material), with respect to F and DL
are given in [5]; see also Chapter 9 of [6].
In the following sections we apply the foregoing theory to the geometry of a circular cylin-
drical tube. First, in §4, we provide the equations governing the basic deformation that main-
tains the circular cylindrical shape of the tube under axial tension and radial inflation for the
situation in which the curved boundaries of the tube carry compliant electrodes between which
a potential difference is applied. In §5 the equations and boundary conditions governing ax-
isymmetric incremental motions of the tube are derived and in §5.1 these are solved numerically
for a simple model electroelastic constitutive law.
4 Equations for a circular cylindrical tube
4.1 Geometry and deformation
Here we first specify the reference geometry of a circular cylindrical tube as having inner and
outer radii A and B and length L according to
0 < A  R  B, 0  ⇥  2⇡,  L/2  Z  L/2, (47)
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where (R,⇥, Z) are cylindrical polar coordinates. Affixed to the surfaces R = A and R = B
are thin flexible electrodes.
The tube is then deformed along with the flexible electrodes so that its circular cylindrical
shape is maintained and, with respect to cylindrical polar coordinates (r, ✓, z) its deformed
configuration is defined by
a  r  b, 0  ✓  2⇡,  l/2  z  l/2, (48)
where a and b are its inner and outer deformed radii and l its deformed length, which is given by
l =  zL,  z being the constant axial stretch. The deformation is achieved by the combination
of an internal pressure, an axial load and a potential difference between the electrodes, which
generates an electric field that is essentially radial except near the ends of the tube, which are
taken to be closed to allow for an internal pressure. Here it is assumed that the L is sufficiently
larger than B so that end effects can be neglected.
Because of the form of the deformed geometry the deformation requires that ✓ = ⇥ and
z =  zZ, while for an incompressible material, on which we focus here, the radial component
of the deformation is given by
r
2 = a2 +   1z (R
2   A2), (49)
and it follows that
b
2 = a2 +   1z (B
2   A2), (50)
i.e. a and b are not independent when the reference geometry and  z are given.
Let   ⌘ r/R and  r denote the azimuthal and radial stretches, respectively. Then, incom-
pressibility requires that  r =   1  1z . In terms of the independent stretches   and  z the
invariants (20)1,2 become
I1 =  




z , I2 =  





4.2 The electric field
A potential difference is applied between the flexible electrodes on the surfaces R = A and
R = B that generates a radial electric component, denoted E = E(r), in the deformed config-
uration and an associated electric displacement component, denoted D = D(r), with equal and
opposite charges, denoted ±Q, on the deformed electrodes. We emphasize that end effects are
neglected here and that the electric field is purely radial and dependent only on r. Moreover,
by Gauss’s theorem, there is no field outside the tube.
Of Maxwell’s equations in (5), the first is automatically satisfied, and the second reduces
to d(rD)/dr = 0. Thus, rD is a constant: rD(r) = aD(a) = bD(b). The electric boundary
conditions on r = a and r = b, obtained by specializing (6) with E? = D? = 0, reduce to
D(a) =  fa, D(b) =   fb, where  fa and  fb are the surface charge densities on r = a and
r = b, respectively. These are given in terms of Q by  fa = Q/(2⇡al),  fb =  Q/(2⇡bl),
where +Q (which may be positive or negative) is taken to be the charge on r = a.
Let EL and DL denote the Lagrangian counterparts of E and D. Then, for the considered
deformation, we obtain from the specialization of (7) the connections DL =   1r D =   zD
and EL =  rE =   1  1z E. The invariants (21) are then expressible in the form
I4 = D
2









in terms of three independent variables, namely  , z and I4.
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4.3 Constitutive specialization and governing equations
For an incompressible isotropic electroelastic material the energy function ⌦̄⇤ depends on the
invariants I1, I2, I4, I5, I6, in general. For simplicity we now specialize ⌦̄⇤ so that it has the
simple standard form
⌦̄⇤(I1, I5) = W (I1) + "
 1
I5/2, (53)
where W (I1) is any suitable purely elastic energy function depending only on I1 and the con-
stant " is the permittivity of the material. Then, from (22) and (23), the total Cauchy stress
tensor and electric field vector take on the simpler forms
⌧ = 2W1B  pI+ " 1D⌦D, E = " 1D. (54)
When further specialized to the present geometry, we have
⌧rr = 2W1 
2
r   p+ " 1D2, ⌧✓✓ = 2W1 2   p, ⌧zz = 2W1 2z   p, (55)
and E = " 1D, and hence, on elimination of p, the principal stress differences are obtained as
⌧✓✓   ⌧rr = 2W1( 2    2r)  " 1D2, ⌧zz   ⌧rr = 2W1( 2z    2r)  " 1D2. (56)
With D = a fa/r from the previous section and curlE = 0 yielding E =  grad , where
  is the electrostatic potential, then specialized to E =  d /dr, integration between a and b
gives the potential difference, say V , between the electrodes as
V = " 1a fa log(b/a) = "
 1
Q log(b/a)/(2⇡l), (57)
as in [2, 4]. This expression can be used to translate between results for fixed V and fixed Q.




= ⌧✓✓   ⌧rr, (58)
and on the surfaces r = a and r = b there is no Maxwell stress, while, associated with this
equation, the mechanical load applied consists of an internal pressure Pa and an external pres-
sure Pb. Thus,
⌧rr =  Pa on r = a, ⌧rr =  Pb on r = b. (59)
Integration of (58) with the boundary conditions (59) and the formula (56) yields














which defines the notation P = P (a,Q), with  fa = Q/(2⇡al). Thus P , which may be positive
or negative, depends on a and Q when A, B and  z are prescribed since b is given by (50). This
is equivalent to a formula given in [2], and can alternatively be expressed as a function of a and
V on use of (57). When a (equivalently  a) and Q (or V ) are given then P is determined. It
follows that a negative internal pressure is equivalent to an external pressure.






z    2    2r)r dr   " 1⇡a2 2fa log(b/a), (61)
and when there is no internal pressure this is the actual axial load.
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5 Incremental analysis
We are now concerned with axisymmetric incremental motions so that the incremental dis-
placement u has cylindrical polar components ur, u✓ = 0, uz, with ur and uz depending only









and the incremental incompressibility condition (25) reduces to
Lrr + L✓✓ + Lzz = ur,r + ur/r + uz,z = 0, (63)
where the subscripts r and z following a comma represent partial derivatives. Thus, the compo-
nents ur and uz of u and ḊL0r and ḊL0z of ḊL0 can be expressed in terms of scalar functions,














so that divu = 0 and divḊL0 = 0 are automatically satisfied and it remains to satisfy the two
equations (30)1,2.
With reference to the cylindrical polar coordinates the relevant components of Ṫ0 for a tube
under axisymmetric increments are, on use of the incompressibility condition (63) to eliminate
L✓✓,
Ṫ0rr = (A⇤0rrrr  A⇤0rr✓✓ + p)Lrr + (A⇤0rrzz  A⇤0rr✓✓)Lzz   ṗ+ A⇤0rr|rḊL0r,
Ṫ0✓✓ = (A⇤0rr✓✓  A⇤0✓✓✓✓   p)Lrr + (A⇤0✓✓zz  A⇤0✓✓✓✓   p)Lzz   ṗ+ A⇤0✓✓|rḊL0r,
Ṫ0zz = (A⇤0rrzz  A⇤0✓✓zz)Lrr + (A⇤0zzzz  A⇤0✓✓zz + p)Lzz   ṗ+ A⇤0zz|rḊL0r,
Ṫ0rz = A⇤0rzrzLzr + (A⇤0rzzr + p)Lrz + A⇤0zr|zḊL0z,
Ṫ0zr = A⇤0zrzrLrz + (A⇤0rzzr + p)Lzr + A⇤0zr|zḊL0z, (65)
the components of the moduli tensors in general depending on r. The corresponding compo-
nents of the incremental electric field are given by
ĖL0r = (A⇤0rr|r   A⇤0✓✓|r)Lrr + (A⇤0zz|r   A⇤0✓✓|r)Lzz + A⇤0rrḊL0r,
ĖL0z = A⇤0zr|z(Lzr + Lrz) + A⇤0zzḊL0z. (66)
The components of the moduli tensors appearing in (65) and (66) are the only non-zero ones
for the considered deformation and single field component, and are independent of the partic-
ular choice of (incompressible, isotropic) energy function ⌦̄⇤. Full expressions for the general
isotropic case are given in, for example, [6]. Note that the final term on the right-hand side
of (65)4 and the Lzr term on the right-hand side of (66) were missing from the corresponding
expressions in [4], as already pointed out in [7], although the effect of the omission on the final
results is marginal.




(Ṫ0rr   Ṫ0✓✓) + Ṫ0zr,z = ⇢ur,tt, Ṫ0rz,r +
1
r
Ṫ0rz + Ṫ0zz,z = ⇢uz,tt, (67)
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while (30)2 specialises to
ĖL0r,z   ĖL0z,r = 0. (68)
In order to make the resulting equations relatively compact we introduce the notations de-
fined by
a = A⇤0zrzr, 2b = A⇤0rrrr +A⇤0zzzz   2A⇤0rrzz   2A⇤0rzzr, c = A⇤0rzrz, (69)
d = A⇤0zr|z, e = A⇤0rr|r   A⇤0zz|r   d, f = A⇤0zz, g = A⇤0rr, (70)
h = 2A⇤0rrzz   2A⇤0✓✓zz +A⇤0✓✓✓✓  A⇤0rrrr, j = A⇤0zz|r   A⇤0✓✓|r, (71)
k = A⇤0rrrr  A⇤0rrzz +A⇤0✓✓zz  A⇤0rr✓✓  A⇤0rzzr. (72)
Then, substitution from (66) into (68) with (62) and (64), followed by substitution from (65)




 ,rrr + (rd
0   2d)(r ,rr    ,r) + er2 ,rzz   (rd0 + e+ j)r ,zz
+fr2',rr + (rf




 ,rrrr + 2br
3
 ,rrzz + ar
3
 ,zzzz + 2(rc
0   c)r2 ,rrr + 2(rb0   b)r2 ,rzz
+ (r2c00   3rc0 + 3c)(r ,rr    ,r)  (h+ rk0 + r2c00   r2⌧ 00rr)r ,zz
+ er3',rzz + dr
3
',rrr + (re
0 + rd0 + j)r2',zz + (2rd
0   d)r2',rr
+ (r2d00   rd0)r',r = ⇢r2(r ,zz + r ,rr    ,r),tt, (74)
in which a prime indicates differentiation with respect to r.
The boundary conditions on r = a and r = b associated with the equations (73) and (74)
are now derived. First, the specialisation of (31) with no external field is ĖL0z = 0 on r = a, b,
which corresponds to a constant incremental potential on r = a and r = b, and from (66)1 with
(62) and (64) this yields
d(r ,zz   r ,rr +  ,r)  fr',r = 0 on r = a, b. (75)
A specified incremental voltage (potential difference) is associated with equal and opposite in-
cremental charges on the electrodes, as can easily be shown by taking the increment of (57),
and hence the incremental version of Gauss’s theorem implies that there is no incremental field
outside the tube, as for the underlying field. From the solution of the incremental equations,
the boundary condition (32) then determines the incremental charge, which cannot be specified
independently of the incremental potential. Alternatively, the incremental charge can be spec-
ified and the roles of the incremental electric and electric displacement boundary conditions
can be interchanged. Here, for definiteness, we consider only specification of the incremental
potential difference.
The second and third boundary conditions are obtained from the expression (35) for the in-
cremental traction specialised with no external field and ṫA0 = PLTn for loading with pressure
P (Pa or Pb, as appropriate). The only non-trivial components of this yield
Ṫ0rz = PaLrz, Ṫ0rr = PaLrr on r = a, Ṫ0rz = PbLrz, Ṫ0rr = PbLrr on r = b.
(76)
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Note that since there is no underlying external field, E? = 0 and hence there is no Maxwell
stress and from (33) the incremental Maxwell stress also vanishes. Then, from (65)3 with (62),
(64) and the connections ⌧rr =  Pa on r = a, ⌧rr =  Pb on r = b from (59), we then obtain,
for the component Ṫ0rz,
c(r ,zz   r ,rr +  ,r)  dr',r = 0 on r = a, b. (77)
The combination of (75) and (77) gives the simple pair of boundary conditions
r ,zz   r ,rr +  ,r = 0, ',r = 0 on r = a, b, (78)
provided cf   d2 6= 0, which is the case except for trivial forms of energy function and holds
for the model considered below.
We emphasize that is easy to show that just as there is no underlying field outside the tube
there is no incremental field, as required by the incremental counterpart of Gauss’s theorem,
whether there is an imposed increment in change or voltage. In [10] an external incremen-
tal field was included in the analysis and there was no counterpart of the expression for the
incremental Maxwell stress.
For the boundary condition involving Ṫ0rr the expression (65)1 is first differentiated with
respect to z and then ṗ,z is eliminated by use of its expression obtained from (67)2 with (65)3,4,
(62) and (64). After some rearrangements and use of (78) this yields
cr
2
 ,rrr + (2b+ c)r
2
 ,rzz   (k + 2c  r⌧ 0rr)r ,zz




 ,rtt on r = a, b. (79)
The expression for ⌧ 0rr herein can be obtained by using the equilibrium equation (58) in the
form r⌧ 0rr = ⌧✓✓   ⌧rr and that for ⌧ 00rr in (74) then follows.
The equations (73) and (74) with the boundary conditions (78) and (79) apply independently
of the form of the energy function ⌦̄⇤ adopted, but for illustrative purposes we now simplify
the equations and boundary conditions and the notations therein by specializing to an energy
function of the form (53), for which the general component expressions for the moduli are
given by
A⇤0piqj = 4W11BipBjq + 2W1 ijBpq + " 1 ijDpDq, (80)
A⇤0pi|q = " 1( pqDi +  iqDp), A⇤0ij = " 1 ij. (81)
We then have A⇤0rzzr = 0,A⇤0zz|r = A⇤0✓✓|r = 0 and, in the reduced notation (69)–(72),
a = 2W1 
2
z, 2b = 4W11( 
2
z    2r)2 + 2W1( 2z +  2r) + dD, (82)
c = 2W1 
2
r + dD, e = d = "
 1
D, f = g = " 1 (83)
h = 4W11 
4
r(1   4 2z)(2 2 4z    4 2z   1)  2W1 2r(1   4 2z)  dD, (84)
j = 0, k = 4W11 
4
r(1   2 4z)(1   4 2z) + 2W1 2r + dD, (85)
wherein the notations W1 = dW/dI1, W11 = d2W/dI21 are adopted, while the corresponding
third derivative W111 will also be needed later. We also have
r⌧
0
rr = ⌧✓✓   ⌧rr = 2W1 2r( 4 2z   1)  dD. (86)
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We require expressions for r2⌧ 00rr, rc0, r2c00, rb0 and rk0, which are fairly lengthy and given
in appendix A. We also note that rd0 =  d and r2d00 = 2d.
To solve the system of equations and boundary conditions we consider  and ' to have the
forms
 (r, z, t) = f↵(r) cos↵z cos!t and '(r, z, t) = g↵(r) cos↵z cos!t, (87)
where ! is the frequency and ↵ is a constant, which is fixed by, for example, setting to zero the
radial incremental displacement and normal incremental traction on the ends of the deformed
tube, i.e. ur = 0 and Ṫ0zz = 0, which gives
↵ = 2n⇡/l = 2n⇡/( zL), (88)
where n = 1, 2, 3, . . . is the mode number of the incremental solutions.
Alternatively, by setting to zero the incremental axial displacement and incremental shear
stress, i.e. uz = 0 and Ṫ0zr = 0, we obtain
↵ = (2n+ 1)⇡/l = (2n+ 1)⇡/( zL), (89)
and by replacing cos↵z by sin↵z these boundary conditions can be reversed.
Equation (73) then specializes to
D[r2f 000↵   3rf 00↵ + (3  ↵2r2)f 0↵] + r2g00↵   rg0↵   ↵2r2g↵ = 0 (90)






0   c)r2f 000↵ + (⇢!2   2b↵2)r3f 00↵ + (r2c00   3rc0 + 3c)(rf 00↵   f 0↵)
  [2↵2r2(rb0   b) + ⇢!2r2]f 0↵ + (a↵2r2   ⇢!2r2 + h+ rk0 + r2c00   r2⌧ 00rr)↵2rf↵
+ d[r3g000↵   3r2g00↵ + (3  ↵2r2)rg0↵ + 2↵2r2g↵] = 0. (91)
The boundary conditions (78) become
rf
00
↵   f 0↵ + ↵2rf↵ = 0, g0↵ = 0 on r = a, b (92)








2   (2b+ c)↵2r2]f 0↵ + (k + 2c  r⌧ 0rr)↵2rf↵
+ d(r2g00↵   2↵2r2g↵) = 0 on r = a, b. (93)
If an infinitely long cylinder is considered then it is appropriate to consider the propagation
of waves along the cylinder of the form
 (r, z, t) = f↵(r) cos(↵z   !t) and '(r, z, t) = g↵(r) cos(↵z   !t), (94)
with ! = ↵v, v the wave speed and ↵ the wave number, wherein cos may be replaced by
sin. The equations and boundary conditions on r = a, b remain in force with the change
! = ↵v, so that the wave speed can be determined in terms of ↵, which is now the wave
number independent of L, and the other parameters in the model.
For either vibrations or waves we follow the procedure used in [7] and arrange the equations
as a first-order system in the form
y0 = My, (95)
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where y = (y1, y2, y3, y4, y5, y6), with y1 = f↵, y2 = y01, y3 = y02, y4 = y03, y5 = g↵, y6 = y05, a




0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
M41 M42 M43 M44 0 0
0 0 0 0 0 1




whose non-zero elements M4i, i 2 {1, . . . , 4}, are quite lengthy and therefore listed in ap-




2   3)D/r2, M63 = 3D/r, M64 =  D, M65 = ↵2, M66 = 1/r. (97)
Note that M44 and M6i, i 2 {2, . . . , 6}, are the same as for the static bifurcation problem in
[7], but M41,M42,M43 are different by virtue of inclusion of the term ⇢!2.
The corresponding boundary conditions (78) and (79) become, respectively,
↵
2
ry1   y2 + ry3 = 0, y6 = 0,
6X
i=1
biyi = 0 on r = a, b, (98)









z   1)( 2 4z   1) +W1 2r(4   4 2z) + 2dD], (99)
b2 =  3dD + ⇢!2r2   ↵2r2[4W11 4r( 2 4z   1)2 + 2W1 2r( 2 4z + 2) + dD], (100)




, b5 =  d↵2r2, b6 = dr, (101)
and we note that the term ⇢!2 appears only in b2, which is therefore the only term that differs
from the corresponding terms in [7].
In order to illustrate the solution of the above system we specialize the model (53) so that
W (I1) takes on the Gent form [13]
W (I1) =  
1
2
µG log[1  (I1   3)/G], (102)
where the constant µ is the shear modulus in the reference configuration, G is a non-dimensional
material constant, known as the Gent constant. Then, ⌦̄⇤ becomes
⌦̄⇤(I1, I5) =  
1
2





















are required in the formulas for the coefficients in equation (91) and the boundary condition
(93) given in appendix A.




µ(I1   3), (105)
for which W1 = µ/2 and W11 = 0, and the coefficients in appendix A simplify considerably.
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5.1 Results

















ŷ1(r̂) = f̂↵(r̂), ŷ2(r̂) = f̂
0





↵ (r̂), ŷ5(r̂) = ĝ↵(r̂), ŷ6(r̂) = ĝ
0
↵(r̂), (107)





and, as in [7], we use the specific value G = 97.2.
The non-dimensional system of equations now has the form ŷ0 =M̂ŷ, whereM̂, for the
model (53), is given by (96) with Mij replaced by the dimensionless M̂ij defined by
M̂41 = A
4
M41, M̂42 = A
3
M42, M̂43 = A
2












, M̂65 = A
2
M65, M̂66 = AM66. (110)
The corresponding non-dimensional forms of the boundary conditions are obtained from (98)




















Solutions of the above system have been obtained using NDSolve in Mathematica [14],
and we now illustrate the results for some specific values of the parameters involved.
5.1.1 Frequency results
First, with the values of  ̂fa that were used in [7] for the corresponding static bifurcation prob-
lem, the dimensionless squared frequency, as measured by ⇢!2/µ↵2 (denoted ⇣ for brevity), is
plotted against  a in figure 1, with a different value of the pressure P given by (60) for each  a
and  ̂fa pairing. In [7], for the same material model, the bifurcation curves were plotted with  a
versus  z. The bifurcation results are recovered by setting ! = 0. In particular, for  z = 1.2 the
values of  a corresponding to bifurcation in figure 1 are the same as those that can be identified
in the  a versus  z plots in [7]. The value  ̂fa = 0 corresponds to the purely elastic case and
application of a non-zero  ̂fa reduces the frequency for any given  a prior to the bifurcation
value, which itself decreases as  ̂fa increases. If there is no pressure then the starting value of
 a is slightly less than the 1 in figure 1 and is different for each  ̂fa. For  z = 1.2, as in figure
1, for example, with  ̂fa = 0 the minimum value of  a =  
 1/2
z ⇡ 0.913.
Note that the dimensionless ↵̂ = ↵A = 2n⇡A/(L z) or (2n + 1)⇡A/(L z) embodies
different mode numbers n and aspect ratios A/L, so by fixing one and varying the other results
for different mode numbers for a given aspect ratio or vice versa can be obtained. Indeed, by
considering ⇢!2A2/µ = ↵̂2⇣ for given  z results for fixed A/L and different mode numbers n
or for fixed mode number n and different A/L can be read off from the figure by multiplying
the results therein by ↵̂2. Thus, figure 1 captures these options compactly.
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Figure 1: Plots of ⇣ = ⇢!2/µ↵2 against  a for fixed  z = 1.2 with the values 0, 0.8, 1.1, 1.4 of
 ̂fa for a Gent electroelastic tube with A/B = 0.85, L/B = 10.
For  ̂fa = 0 the result in figure 1 is consistent with that obtained in [15] for the purely
elastic case where a rotating tube was considered (when specialized to the absence of rotation),
although the parameters used and the method of presentation of the results were somewhat
different.
To provide some interpretation of the results in figure 1 we refer to the corresponding plots
in figure 2(a) of the dimensionless pressure P ⇤ = P/µ versus  a for  z = 1.2 based on equation
(60) with W1 given by (104)1, and the plots of  a versus  z in figure 2(b) obtained by setting
P = 0 (the latter are the same curves as provided in [7], the pressure being positive above the
curve for each relevant value of  ̂fa). For  ̂fa = 0, as  a increases from its minimum value
where P = 0 bifurcation becomes possible when  a reaches the approximate value 1.8, and P
is positive within this range. For  ̂fa = 0.8, P is positive for  a greater than approximately 1.1
up to the approximate value 1.55 where bifurcation becomes possible.
However, for real values of the frequency for  ̂fa greater than approximately 1.1 a negative
pressure is required, equivalently an external pressure. This is even more evident for larger
values of  ̂fa. For example, for  ̂fa = 1.4 a negative value of P is required for the existence of
a real frequency up to the approximate bifurcation value of  a = 1.2 (P is positive only for  a
greater than approximately 1.55).
We now recall that  fa = Q/(2⇡AL a z), which depends on the deformation since Q is a
constant. Thus, it makes sense to use a dimensionless form of Q instead of  ̂fa in representing







Results for fixed Q̂ are shown in figure 3(a) and can be obtained from those for  ̂fa in figure
1 on use of (112). The general character is the same as in figure 1 but the bifurcation values of
 a (on the horizontal axis) are different because of the dependence of  ̂fa on  a. Corresponding
results for  z = 0.9 are shown in figure 3(b) for comparison. In this case when the pressure
18























Figure 2: Plots of: (a) P ⇤ = P/µ against  a for fixed  z = 1.2; (b)  a versus  z for P = 0, in
each case for  ̂fa = 0, 0.8, 1.1, 1.4 for a Gent electroelastic tube with A/B = 0.85, L/B = 10
based on equation (60).
is zero the starting value of  a is approximately 1.05, smaller values would require negative
pressure, but the general character of the results is the same as for  z = 1.2.



























Figure 3: Plots of ⇣ = ⇢!2/µ↵2 against  a for fixed  z = 1.2 (a) and  z = 0.9 (b) with the
values 0, 1, 1.5, 1.8 of Q̂ for a Gent electroelastic tube with A/B = 0.85, L/B = 10.




















2   1)]. (113)
This connection can be used to determine the dependence of ⇢!2/µ↵2 on fixed values of V̂ .
The results are shown in figure 4, for both  z = 1.2 and  z = 0.9. The values of V̂ do not
correspond directly with those of Q̂ in figure 3 because of the dependence on  a in (113).
In parallel with figure 2, figure 5 illustrates the dependence of P ⇤ on  a for  z = 1.2 and
plots of  a versus  z corresponding to P = 0 for several values of V̂ , somewhat different
values than in figure 4 to avoid the curves disappearing off the scale for the larger values of V̂
19



























Figure 4: Plots of ⇢!2/µ↵2 against  a for fixed  z = 1.2 (a) and  z = 0.9 (b) with the values
0, 0.1, 0.16, 0.2 of V̂ for a Gent electroelastic tube with A/B = 0.85, L/B = 10.
used in figure 4. The characters of the P ⇤ plots in figures 2(a) and 5(a) are similar except that,
for larger values of  a, P ⇤ tends to the same asymptotic value for each  ̂fa, but different limits
for the different values of V̂ . By contrast, the results for P = 0 in figure 2(b) are markedly
different from those in figure 5(b). In particular, they indicate that a negative pressure is needed
for the existence of real frequencies (including zero, corresponding to static bifurcation).























Figure 5: Plots of (a) P ⇤ = P/µ against  a for fixed  z = 1.2 and (b)  a versus  z for
P = 0, in each case with the values 0, 0.05, 0.08, 0.12 of V̂ for a Gent electroelastic tube with
A/B = 0.85, L/B = 10.
An alternative perspective is obtained by considering the dependence of ⇢!2A2/µ, denoted
⇠, on the (dimensionless) wave number ↵̂ for fixed values of  a as well as  z. To illustrate
this we refer to figure 6 where ⇠ is plotted against ↵̂ for several values of Q̂ in (a) and several
values of V̂ in (b), and for a small range of values of ↵̂. For fixed  a and  z the values of V̂
are proportional to those of Q̂, according to equation (113) with Q̂ = 0, 1, 1.5, 1.8 in figure
6(a) translating to V̂ = 0, 0.84, 0.13, 0.15, which are different from the values used in figure
6(b). Note, in particular, that for V̂ = 0.2 there is no real frequency ( a = 1.2 is outside the
existence range shown in figure 4(a) in this case).
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Figure 6: Plots of ⇠ = ⇢!2A2/µ versus ↵̂ for  a =  z = 1.2: (a) Q̂ = 0, 1, 1.5, 1.8; (b)
V̂ = 0, 0.1, 0.16, 0.2 for a Gent electroelastic tube with A/B = 0.85, L/B = 10.





























Figure 7: Plots of ⇠ = ⇢!2A2/µ versus ↵̂ for  a = 1.2, z = 0.9: (a) Q̂ = 0, 1, 1.5, 1.8; (b)
V̂ = 0, 0.1, 0.16, 0.2 for a Gent electroelastic tube with A/B = 0.85, L/B = 10.
The counterpart of figure 6 for  a = 1.2, z = 0.9 is shown in figure 7. In this case the
frequency does exist for V̂ = 0.2. Note that for fixed Q̂ there is very little difference between
the results for the different values of  z, in contrast to the situation for fixed V̂ .
Now let us look in more detail at an expanded version of figure 6(b), for a slightly larger
range of values of ↵̂, as shown in figure 8(a). In this example second modes also arise and these
are also included (dashed curves), although the main interest is in the fundamental mode. For
the model and range of parameters used here no other modes have been found. As in figure
6(b) there is no real frequency for V̂ = 0.2, while the result for V̂ = 0.16 shows that there is
no real (fundamental mode) frequency for a critical value (⇡ 0.85) of ↵̂ in figure 8(a) which
is beyond the values shown in figure 6(b). This prompts the question as to what happens to
the fundamental modes for even larger values of ↵̂, and figure 8(b) exemplifies this. For small
values of V̂ frequencies exist for all ↵̂, but as V̂ increases there are no real frequencies beyond
a V̂ -dependent critical value of ↵̂, which is the case for V̂ = 0.14, for example.
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Figure 8: Plots of ⇠ = ⇢!2A2/µ versus ↵̂ for a Gent electroelastic tube with A/B = 0.85,
L/B = 10 and  a =  z = 1.2: (a) plots of the fundamental mode (continuous curves) and
second modes (dashed curves) for V̂ = 0, 0.1, 0.16, 0.2; (b) plots of the fundamental mode for
V̂ = 0, 0.12, 0.14, 0.16.
5.1.2 Wave speed results
Instead of vibrations with fixed incremental end conditions we now consider the propagation
of waves, again with a fixed value of the axial stretch but with the incremental displacement
and stress allowed to adjust as the wave propagates. In this case ↵ is the wave number without
a specified value related to end conditions. The wave speed, denoted v, is given by v = !/↵.
The governing equations, and the boundary conditions on r = a and r = b, are unchanged
and v is therefore determined by the preceding formula. In figure 9 the dimensionless squared
wave speed ⇢v2/µ, denoted & , is plotted against ↵̂ for several values of Q̂ and V̂ in figures 9(a)
and (b), respectively, with  a =  z = 1.2. Note, in particular, that for the larger values of Q̂
and V̂ there is no real wave speed beyond a critical value of ↵̂, which is zero in some cases, for
example for V̂ = 0.2.





























Figure 9: Plots of & = ⇢v2/µ against ↵̂ for a Gent electroelastic tube with A/B = 0.85,
L/B = 10 and  a =  z = 1.2: (a) for Q̂ = 0, 1, 1.5, 1.8; (b) for V̂ = 0, 0.1, 0.16.
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Figure 10: Plots of & = ⇢v2/µ against ↵̂ for a Gent electroelastic tube with A/B = 0.85,
L/B = 10 and  a = 1.2, z = 0.9: (a) for Q̂ = 0, 1, 1.5, 1.8; (b) for V̂ = 0, 0.1, 0.16, 0.2.
Corresponding results are shown in figure 10 with  z = 1.2 replaced by  z = 0.9 to
illustrate the dependence on the axial stretch. In this case waves do exist for V̂ = 0.2 for small
values of ↵̂, and the cut-off values of ↵̂ are reduced, so that the range of values of the wave
number for which the underlying configuration is stable is likewise reduced.
5.1.3 Neo-Hookean results
In Shmuel & deBotton [10] the propagation of incremental axisymmetric waves in a tube was
examined for a neo-Hookean electroelastic model. However, the incremental problem con-
sidered therein is somewhat different from that examined here in that neither the incremental
potential difference nor charge was specified on the electrodes, so that a field exterior to the
tube was incorporated into their analysis. Here, by contrast, no exterior field is generated when
the incremental voltage (or charge) is specified on the electrodes. We therefore present some
results for the neo-Hookean model in order to provide a qualitative comparison of the two ap-
proaches. In [10] neither an internal nor an external pressure was included, so we confine our
results to the case P = 0. They considered three different tube thicknesses, the thinnest of
which was for A/B ⇡ 0.91, which is the closest to our value of 0.85 and therefore provides a
reasonable basis for comparison. They also used L/B = 10.
In figure 11 results are presented for the fundamental mode as ⇠ = ⇢!2A2/µ versus ↵̂ for
several values of V̂ with A/B = 0.85, L/B = 10,  z = 1.2 and P = 0. The counterparts
of figure 11 in [10] involved, in the present notation, plots of
p
⇠H/A against ↵̂H/A, where
H = B   A is the reference thickness of the tube. The relevant figures in [10] are 4(d) and
5(d), in which, as well as different scales, a different non-dimensionalization of the potential
difference was used, corresponding to V̂ A/H (their A/H = 10). Here we use  z = 1.2,
whereas the nearest values of  z in [10] were 1 and 2, but the character of the results for
these two values was similar. Thus, our results for  z = 1.2 provide a meaningful qualitative
comparison/contrast with those in [10] rather than a precise numerical one.
Figure 11(a) shows the typical features of our results, with further elaboration in figure
11(b) for the larger values of V̂ , for which there is a finite cut-off band within which there is
no real frequency. These are quite different from the results in [10], although for lower values
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Figure 11: Plots of ⇠ = ⇢!2A2/µ against ↵̂ for a neo-Hookean electroelastic tube with
A/B = 0.85, L/B = 10 and  z = 1.2 with P = 0 (fundamental mode): (a) for
V̂ = 0, 0.11, 0.12, 0.124; (b) for V̂ = 0.12, 0.123, 0.124, 0.125.
of V̂ there are some similarities, in particular the evident monotonicity. For even larger values
of V̂ , for example for V̂ = 0.133 and 0.14 there is no real frequency, at least for values of
↵̂ 2 [0, 10].
Although results were not given in [10] for the second mode, for completeness in figure 12
we provide some results for the second mode. A feature here is that for larger values of V̂ there
is a cut-off value of ↵̂ beyond which there is no real frequency.












Figure 12: Plots of ⇠ = ⇢!2A2/µ against ↵̂ for a neo-Hookean electroelastic tube with A/B =
0.85, L/B = 10 and  z = 1.2 with P = 0 (second mode): V̂ = 0, 0.11, 0.133, 0.14.
6 Concluding discussion
In the present paper we have examined both axisymmetric vibrations and the propagation of
axisymmetric waves in a circular cylindrical Gent electroelastic model tube following a general
formulation of the governing equations and boundary conditions based on the general theory
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of isotropic nonlinear electroelasticity. The results highlight the dependence of the frequency
of vibration and wave speed on the tube geometry, applied deformation and electric field. In
particular, the bifurcation results obtained previously in [7] are recovered as a special case when
the frequency vanishes. Results are also illustrated for a neo-Hookean electroelastic model and
compared with those obtained in [10]. There are some similarities but also some significant
differences in the outcomes for the different incremental boundary conditions adopted here and
in [10], in particular related to cut-off frequencies. The results for the Gent and neo-Hookean
models results are broadly similar, although, unlike for the neo-Hookean model, for the Gent
model there is no real frequency for higher values of ↵̂ beyond the cut-off values, as can be
seen by comparing figure 8(b) with figure 11(b).
Appendices
A Evaluation of terms in the governing equations





 z   1), r 0 =   ( 2 z   1), rI 01 =  2 2r( 2 z   1)2( 2 z + 1),





rr =   4W11 4r( 2 z   1)( 4 2z   1)2   2W1 2r( 2 z   1)(2 4 2z +  2 z + 3) + 3dD,
rc








 z   1)4( 2 z + 1)2 + 4W11 4r( 2 z   1)2(3 2 z + 7)
 12W1 2r( 2 z   1) + 6dD,
rb
0 =  4W111 6r( 2 z   1)2( 2 z + 1)( 2 4z   1)2
 2W11 4r( 2 z   1)( 6 6z +  4 2z + 3 2 4z   5) + 2W1 2r( 2 z   1)  dD,
rk
0 =  8W111 6r( 2 z   1)( 4 2z   1)2( 2 4z   1)
 4W11 4r( 2 z   1)(2 6 6z +  4 2z + 2 2 4z   5) + 4W1 2r( 2 z   1)  2dD.
B Components of the matrix M
The components M41,M42,M43,M44 in (96) are given by
M41 =  ↵2[2↵2r2W1 2z   ⇢!2r2 + 2A]/(2r2W1 2r),
M42 =  [2↵2r2B   ⇢!2r2   2C]/(2r3W1 2r),
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where

































 z   1)4( 2 z + 1)2 + 4W11 4r( 2 z   1)2(3 2 z + 5)
  3W1 2r(4 2 z   5),





 z   1)2( 2 z + 1)  2W1 2r(2 2 z   3)]/(rW1 2r).
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